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Exponential STAR models

ESTAR model takes the form:

ye=x¢1[1—G(zi v, 1) + 212G (257, 1) + € (1)
‘regime 1’ ‘regime 2'
Glzimm) = (1-exp{~1(z —w)?}) € 0,1] (2)

et ~ N(0,0?)
’)’G]RJr.
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ESTAR model takes the form:

ye =21 [1 - G(z67, )] + 212G (267, 1) + e (1)
‘regime 1’ ‘regime 2'
Glzimm) = (1-exp{~1(z —w)?}) € 0,1] (2)
et ~ N(0,0?)
ES R+.

‘Rewrite’ model as:
yr = xep1 + xe(P2 — 91)G (2657, 1) + €
ye = xe + x¢ G (2157, 1) +€r. (3)

C(xt,24;0)=IE;—1(y:) = conditional mean

Two problems arise:

1) for ‘small' 7y, G(zt;7, 1) =~ v(zt — u)?>, = 7 and B unidentified

2) for ‘large’ 7y, G(zt;y, 4) acts like ‘dummy variable’, = ill-behaved conditional
mean and likelihood



Exponential regime weighting function

Gz, p) = (1 —exp{—7(z - ﬂ)z}) 0.9

Continuous weighting function over [0,1]. 0.8 [——9(x;0.5,0)
——G(2;5,0)
—v—G(2;50,0)
07 —6—G(z; 500, 0)
—6—G(=:50000,0)

Limiting properties: 0.6

i ; = 0.5
o nrlgr;og (zt;7, 1) =1 except at
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Figure 1: Weighting function



Empirical Example — ‘small” oy (Taylor et al. 2001, IER)
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Empirical Example — ‘large’ v (Taylor et al. 2001, |IER)
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Empirical Example — ‘large’ 7y (Taylor et al. 2001, IER)




Evidence in existing literature

Many examples of these problems in existing studies!



Evidence in existing literature

Many examples of these problems in existing studies!

o Michael et al. (1997, JPE) on real exchange rate behaviour, weighting function
remains well below 0.3 and quadratic ‘looking’ in shape (see page 875),



Evidence in existing literature

Many examples of these problems in existing studies!

e Michael et al. (1997, JPE) on real exchange rate behaviour, weighting function
remains well below 0.3 and quadratic ‘looking’ in shape (see page 875),

0.3
+ +
.
N
.
0.2 + -
¥
.
Y +
-
£ &
* 4
+ &
0.1+ * i =
4 ¥
t‘.*k E
A
Y #
+
*’\k *4-/

0.0 ; b T ’ M ‘

—0.4 -0z 0.0 0.2 0.4



Evidence in existing literature

Many examples of these problems in existing studies!
o Michael et al. (1997, JPE) on real exchange rate behaviour, weighting function
remains well below 0.3 and quadratic ‘looking’ in shape (see page 875),

e Baum et al. (2001, JIMF) < estimates reported in Figure 1 on page 392 are
between 0.006 and 0.026!



Evidence in existing literature

Many examples of these problems in existing studies!

e Michael et al. (1997, JPE) on real exchange rate behaviour, weighting function
remains well below 0.3 and quadratic ‘looking’ in shape (see page 875),

e Baum et al. (2001, JIMF) < estimates reported in Figure 1 on page 392 are
between 0.006 and 0.026!

(b)

.003543 N

United Kingdom CP{, gamma=0.011

Sy
BN

PSS

Fly{ed)]

.
K
>



Evidence in existing literature

Many examples of these problems in existing studies!

o Michael et al. (1997, JPE) on real exchange rate behaviour, weighting function
remains well below 0.3 and quadratic ‘looking’ in shape (see page 875),

e Baum et al. (2001, JIMF) < estimates reported in Figure 1 on page 392 are
between 0.006 and 0.026!

e same problems in Sarantis (1999), Taylor and Peel (2000), Taylor et al. (2001),
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Evidence in existing literature

Many examples of these problems in existing studies!

e Michael et al. (1997, JPE) on real exchange rate behaviour, weighting function
remains well below 0.3 and quadratic ‘looking’ in shape (see page 875),

e Baum et al. (2001, JIMF) <y estimates reported in Figure 1 on page 392 are
between 0.006 and 0.026!

¢ same problems in Sarantis (1999), Taylor and Peel (2000), Taylor et al. (2001),
Kilian and Taylor (2003), Kapetanios et al. (2003), Sarno et al. (2006), Paya and
Peel (2006), Sollis (2008), Taylor and Kim (2009), Cerrato et al. (2010), Pavlidis
et al. (2011), Beckmann et al. (2015) and many others.

Beckmann et al. (2015) particularly interesting

e results in Table 3 on page 22 show evidence of both problems in estimation
— 9 — 0 for 5 out of 23 estimates, with slope parameter for Turkey 22 000!
— for 3 out of 23, 7 estimates are very large, for World equity market 27 000!



Contribution and preview of main results

| show that the exponential weighting function is ill-suited as regime weighting function

e for 'small'
— model is un-identified in population
— simulations show § — 0 for 70% of simulated data, even when sample size 5000!

o unrestricted ESTAR model has ill-behaved likelihood function, even for sample

sizes of 250 and 500 observations
— maximizing likelihood complicated numerically
— prone to ‘outlier’ fitting, even on simulated data

e LM test on higher order terms can be used as a test for identification
— simple extension of existing test for non-linearity

e small sample properties § of restricted models
— heavy positive skew in sampling distribution for sample sizes up to T = 500



@ Identification

@ Empirical evidence
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Asymptotic properties of estimators

Rewrite (E)STAR as general non-linear location/scale model:
yr =C(x1,21;0) + ey, (4)
where 0 = [a; B; ; p]. NLS solves:

. 1 2
0= argmm 3 Z ( xt,zt,ﬂ)) . (5)
t=1
VT(8— 6y) — N(0,V(d)), (6)

(see Wooldridge (1994), Potscher and Prucha (1997), Chan and McAleer (2002)),
where V(0) estimated by

V(@) = A 'BA, with 7)
R T
A =T Z (V‘;C(xt,zt, )VgC(xt,Zt, ) V(,C(xt,zt; B)ét)
t=1
T

]/B =71 Z tZVBC(Xt,Zt, )VgC(xt,Zt; é)/
t=1
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Identification

ESTAR model

Yy = xew+xBG (217, 1) + €t (8)
Expand G(zt 1y, 1) around v = 0 using 2nd order Taylor series

_ 1
Ga(ztrm 1) = vz = 1)? = 577 (2 = W* + Ra(z 7, 1) (9)

and replace in (8) to yield ‘auxiliary regression model’ (« = 0 for simplicity)

1
v = (ze — p)*xPy — 5z = ) By’ + xiBRo (27, 1) + € (10)
Vi

v = (z — p)°xea+ (2 — p)*xib + g, (11)

where a = By and b = —%,372.
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Identification

Is the auxiliary model estimable?

In matrix form, (11) can be written as Y = XB+V

e a and b can be estimated, if X’ X non-singular, so that the inverse (X/X)~1
exist.

e in most empirical data, inverse (X’X)~! can be found without any numerical
difficulties.

— in Taylor et al. (2001), the smallest eigenvalue is around 0.01, with correlation
between the column entries in X' being around 0.95.

— generally there is enough structure in the data for a and b to be estimable.

12



Identification

Model source of identification

Model is identified iff we can recover v and B from a and b in auxiliary model in (11)

o froma=pByand b= —%ﬁ’yz, can re-arrange to obtain
ay = —2b, (12)
where the relation in (12) is a system of k equations.
o if at least one b; # O(A |a;| < o) Vi=1,...,k
— 7 can be recovered from either one of the relations in (12), ie.:
b:
7:—2;1,Vi:1,...,k. (13)
i

— once v is known, B is obtained from g =y la.

e b must be non-zero in population for model to be identified

13



Identification

Definition (ldentification)

01 € O is said to be identifiable if there exists no other 8; € ® which is
observationally equivalent. That is, p(Y;01) # p(Y; 6;) for some observable Y and
likelihood function p(-) (Rothenberg (1971)).

Theorem (ldentification)

A necessary and sufficient condition for local identifiability of 0 is that information
matrix Z(0) is non-singular at true parameter 6, where

Z(0) = — [(azﬁ#)} , (14)

and Z(6]Y) = In [p(Y; 0)] is the log-likelihood function (Rothenberg (1971)).



Identification

Determining near singularity/weak identification
» How do we determine rank of Z(6)?
— weak identification hard to classify! When is Z(6) numerically singular?

o | follow DSGE literature (ie., Iskrev (2010)), compute condition number of Z(6)

cond(A) = || A|||AY, (15)
— if Euclidian norm is used, this becomes
condy (A) = ?\méx (16)
min

where A is the singular value of A
— A considered numerically singular if condy(.A) > 20% = 400 (Greene 2011, p. 999)
e also look at correlation matrix of Z(0), defined as

Z(6) = D(6)/2Z()D(6) /2 (17)

— shows which parameters are " correlated” .

15



Identification

Testing for identification

e b must be statistically different from zero for v and B to be identified

e this is testable using standard type LM tests of Saikkonen and Luukkonen (1988),
Escribano and Jordd (1999) for ESTAR models.

— expand ESTAR model in (8) as before (with non-zero «) to get auxiliary model:

yi = 30+ 1BG (2, 1) + e,

(18)
Part |: standard test for non-linear
ye = xr + (z¢ — y)zxta + (z¢ — ‘u)4xtb + vt (19)
—_——

Part II: higher order terms

o tests for ESTAR non-linearity based on (19) with Hy:a =b =0
e for identification, focus on higher order terms in Part Il of (19)

— if model is non-linear (a #0), b = —%ﬂ’yz = —%a'y = 0 only possible if ¥y =0
— test Ho : b = 0 only!

— standard LM testing theory applies (Rz(z¢; 7, #) in v; is zero under null 7y = 0)

16



Empirical evidence
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Empirical evidence

Replicating Taylor et al. (2001, IER)

¢ well known study in international finance literature, with over 1000 citations

e use real exchange rate data for the UK, Germany, France and Japan from January
1973 to December 1996 using ESTAR model

o fit first order ESTAR models of the form:
Agr = («—1)(qr-1—p) +B(@r—1 —m)G(q—1;7, 1) +e  (20a)
G(@i-1im ) =1—exp {=7(gi-1 — 1}, (20b)

where €; is a zero mean disturbance term with variance ¢2.

18



Empirical evidence

Replicating Taylor et al. (2001, IER)

¢ well known study in international finance literature, with over 1000 citations

e use real exchange rate data for the UK, Germany, France and Japan from January
1973 to December 1996 using ESTAR model

o fit first order ESTAR models of the form:

Aqr = (&« = 1)(q—1 — 1) + B(qr—1 — )G (qe—1;7, 1) +€&  (20a)
G(q-1;7,m) = 1= exp { ~7(g1 — 1%}, (20b)

where €; is a zero mean disturbance term with variance ¢2.

e final model that is presented has restrictions « = —f =1 (p. 1030)

Agr = —(q—1 — )G (qe—1;7, 1) + e (21)
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Replication results — parameter estimates

Table 1: Replicated parameter estimates of the restricted model reported in Taylor et al. (2001).

Parameter Estimates UK Germany France Japan
b4 0.50500170 0.29408812 0.35362630 0.18286403
o -0.11243280 0.00895991 -0.00591922 -0.51083432
G 0.03320309 0.03448975 0.03286561 0.03331077
Log-likelihood ESTAR 570.03185026 559.12033546 572.96391675 569.10258492
Log-likelihood Cubic model 570.06613111 559.14958988 572.99204741 569.13408243
Log-likelihood AR(1) model 568.99987094 557.92278405 571.80528152 567.46500061

Notes: This table reports our replicated parameter estimates of the restricted ESTAR model of Taylor et al. (2001) (see

their estimates reported in Table 3 on page 1029 for comparison). The restricted ESTAR model takes the form: Ag;

—(q—1 — )G (qt—1; v, 1) + €. Log-likelihood functions of the AR(1) and Cubic models are based on the two regression

equations: Aq; = 681(q;_1 — 1) + € and Agy = 83(qr—1 — 1)° + €.

19
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Replication results — condition numbers and correlation matrix

Condition numbers

Country UK Germany France  Japan
cond;(.A) 833 1436 1507 1875
Correlation matrices
UK Germany France Japan
1 - - 1 - - 1 - - 1 - -
—0.9948 1 - —0.9949 1 - —0.9952 1 - —0.9959 1 -
—0.2346 —-0.2371 1 —0.4365 0.4412 1 —0.4132 —-0.4171 1 —0.4010 —0.4053 1
Notes: This table reports the correlation matrix f3(é) of the parameter estimates with 3 = —1 and y and u evaluated at their

ML estimates. The parameter ordering of the ig(é) matrix is [B; 7; f1].
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Replication results — LM-test for identification

From second order Taylor expansion of G(q;_1;7, 1) we get auxiliary regression model:

Aqr =~ B(qr-1— 1) {’Y(qpl —pu)? - %72(%71 - 14)4] + €t (22)

By (g1 — p)* — %,372(%4 — 1)’ +er. (23)

Part I: standard test for non-linearity

= a(ge—1 — 1) +b(qe-1 — 1)° + €. (24)
———

Part Il: higher order terms

LM test results

Test statistic UK Germany France Japan

SSRy 0.346801 0.369092 0.335987 0.353700
SSR; 0.345935 0.368579 0.335496 0.353126
LM 0.717104 0.399049 0.418899 0.465982
p—value 0.397096 0.527581 0.517487 0.494842

Notes: This table reports the LM test significance results of the higher order terms in (28). The terms SSR,
and SSR; are the sum of squared residuals of the restricted and unrestricted models, respectively, and LM is
the Lagrange-Multiplier test statistic computed as T(SSRy — SSR;)/SSR. The last row reports asymptotic
p—values of the LM test, with 1 degree of freedom.
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Empirical results — no B = —1 restriction

Table 4: Replicated parameter estimates of the Taylor et al. (2001) model with the unit-root restriction only.

Parameter Estimates UK Germany France Japan

-504662.45687917  -305284.18535728  -368394.40126473  -184561.06430017

b

v 0.00000098 0.00000096 0.00000095 0.00000098
i -0.11230079 0.00924026 -0.00571998 -0.51121351
o 0.03319913 0.03448624 0.03286239 0.03330712
Log-likelihood ESTAR 570.06613104 559.14958979 572.99204734 569.13408227
Log-likelihood Cubic model 570.06613111 559.14958988 572.99204741 569.13408243
Log-likelihood AR(1) model 568.99987094 557.92278405 571.80528152 567.46500061

Notes: This table reports the replicated parameter estimates of the ESTAR model of Taylor et al. (2001) which only imposes
the unit-root restriction on the inner regime. This ESTAR model takes the form: Aq; = B(q1—1 — 1)G(qi—1; Y, 1) + €.
Log-likelihood functions of the AR(1) and Cubic models are based on the two regression equations: Ag; = 81(q;—1 — 1) + €¢

and Aqr = 83(q1-1 — p)° + €.
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Empirical results — no p = —1 A« = 1 restriction

Table 5: Replicated parameter estimates of the entirely unrestricted Taylor et al. (2001) model.

Parameter Estimates UK Germany France Japan
(a—1) 14183.23931549 -80.43652137 4895.09914479  340594.58805192
B —14183.25851544 80.41534978 -4895.11461596  —340594.59946710
)4 1937108.34779812  220354.95060881  1129966.10535952  1587721.65109557
i -0.27437231 -0.15258840 -0.02174839 -0.70815477
G 0.03272230 0.03387141 0.03223191 0.03256410

Log-likelihood ESTAR 574.21811145 564.31246531 578.55178003 575.60897466

Log-likelihood Cubic model 570.06613111 559.14958988 572.99204741 569.13408243

Log-likelihood AR(1) model 568.99987094 557.92278405 571.80528152 567.46500061

Notes: This table reports the replicated parameter estimates of the unreported (entirely) unrestricted ESTAR model of Taylor
et al. (2001). The unrestricted ESTAR model takes the form: Ag; = (a —1)(gs—1 — 1) + B(qi—1 — )G (qs—1; 7, 1) + €.
Log-likelihood functions of the AR(1) and Cubic models are based on the two regression equations: Aq; = 81(q;—1 — i) + €;
and Ag; = 83(q1-1 — 1) +er.

25
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Simulation evidence
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Simulation set-up

Simulate 10000 ESTAR sequences from:
Agr = (a = 1)(qe—1 — 1) + B(qe—1 — WG (qe-1;7, 1) + 00et (25)
Ga1mm) =1—exp{=7(qi1— )} (26)

e true parameter values are UK parameter estimates

—ag=0A By =—1, Var(e;) = Ug = 0.03320, pp = —0.1124, &, ~ N(0,1).
e vary sample size and magnitude of transition function parameter

- 70 = {0.505, 5,50, 250, 500, 1000 }

— T = {288,500,1500,5000}
o for different 7y and T, examine

1) identification issues

2) estimation difficulties (unrestricted models)

3) sampling distribution and bias (restricted models)

28



Simulation Results — true shapes
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Simulation Results — correlation and condition numbers

Table 6: Correlation and condition number averages.

T 288 500 1500 5000

Yo corr(f,y) condy(Zz) corr(fB,y) condy(Zsz) corr(f,y) condy(Zsz) corr(B,y) condy(Z3)
0.505 -0.9970 7241.19 —-0.9978 4780.68 —-0.9987 10686.76 -0.9993 14630.15
5 -0.9939 1607.43 —-0.9953 2201.88 -0.9971 7583.23 -0.9983 5614.71
50 -0.9780 606.54 —-0.9818 844.88 —-0.9867 520.60 -0.9889 349.06
250 -0.9011 57.34 —-0.9065 40.80 —-0.9086 23.21 -0.9089 21.50
500 —-0.8064 15.10 —-0.8108 13.00 -0.8125 10.12 -0.8127 9.80
1000 —-0.6634 6.60 —-0.6679 5.66 -0.6711 5.23 -0.6717 5.14

Notes: This table reports averages of the correlation between the 3 and y parameter estimates and the condition
number of the (3 x 3) information matrix Ig(é) for various sample sizes and 7y values. We consider yq values over
the grid € {0.505, 5,50,250,500,1000} and sample sizes of T € {288,500,1500,5000}. These results are based on
arithmetic averages computed over 10000 simulations. The correlation between 3 and y, denoted by corr(j3,7), is
computed as the {2,1} element of the correlation matrix i’3(é) defined in (44), with 6 = [B; 7; ] and B = —1. The
condition number, denoted by condy(Z3) in the table, is defined in (33) and is also evaluated at 6.
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Simulation

Results — sampling distribution (unrestricted

model I)
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Figure 9: Relative frequency plots of log,, transformed 7 estimated from the unrestricted model in (51) for various sample sizes and o values. Columns and rows
show the results for yo € {0.505,5,50,250,500,1000} and T € {288,500, 1500,5000}, respectively. Vertical green lines mark the true Yo value. All results are
based on 10000 simulations. The x—axis is log to base 10 transformed, with a reading of —6 on the x—axis meaning 1 x 1076
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Simulation Results — sampling distribution (unrestricted

model II)

T2 02 02 02 02
olm 0 0 1 0 A 0 all
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Figure 1

: Relative frequency plots of log,, transformed ¥ estimated from the (entire) unrestricted model in (52) for various sample sizes and yq values. Columns

and rows show the results for o € {0.505, 5,50, 250,500, 1000} and T € {288,500, 1500, 5000}, respectively. Vertical green lines mark the true yo value. All results

are based on 10000 simulations. The x—axis is log to base 10 transformed, with a reading of —6 on the x—axis meaning 1 x 10~°
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Simulation Results — log-likelihood surface plots (unrestricted model I1)

=050

(a) T =288

() T =1500 (d) T = 5000
Figure 11: Log-likelihood function surface plots from the simulated date for various sample sizes and o values. Column entries show the 4 different sample sizes that
we consider. Row entries correspond to o = {0.505,5,50}.
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Simulation Results — finite sample distributions (restricted models)
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Figure 8: Finite sample distribution of 7 for various sample sizes and y; values. Columns show the results for yy € {0.505,5,50,250,500,1000}. Rows show the
corresponding sample sizes that are considered, with T € {288,500, 1500,5000}. Vertical red lines mark the sample mean. These are based on 10000 simulations
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Simulation Results — finite sample bias (restricted models)

Table 7: Small sample bias of y estimates.

T 288 500 1500 5000

Yo Biasy, [7] (in %) Bias,,[7] (in %) Bias,, [7] (in %) Bias,,[7] (in %)
0.505 0.6180 12237 0.2613 51.74 0.0614 12.15 0.0170 3.36
5 1.0561 21.12 0.5633 11.27 0.1699 340 0.0517 1.03
50 3.0524 6.10 1.8237 3.65 0.6013 1.20 0.1628 0.33
250 10.4064 4.16 5.3328 2.13 1.4249 0.57 0.3383 0.14
500 22.3257 447 12.7391 2.55 3.6151 0.72 1.3355 0.27
1000 80.3915 8.04 40.7419 4.07 11.8851 1.19 3.9210 0.39

Notes: This table reports the small sample bias of the estimates of the regime weighting function parameter y for
various sample sizes and yq values. We consider values of vy € {0.505,5,50,250,500, 1000} and sample sizes of
T € {288,500, 1500,5000}. These results are based on arithmetic averages computed over 10000 simulations.
The bias is computed as: Bias,, [7] = IEy[}] — v, where IE, [}] is approximated by % Zle Ps, with S = 10000
being the number of simulations that are averaged over. The column with the heading (in %) shows the bias as
a percentage of the size of y. This is computed as 100 x (Biasy, [7]/v0)-
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Conclusion
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Conclusion

| show that the exponential weighting function is a poor regime weighting function

e for 'small’ v, = model is un-identified in population

e unrestricted model ESTAR model has ill-behaved likelihood function, even for
sample sizes of 250 and 500 observations

e identification can be tested using standard LM test commonly used in STAR
literature, but on higher order terms

¢ heavy positive skew in sampling distribution of 4 of restricted models, for samples
of size up to T = 500

For empirical work, better to use discrete TAR or Multi-Regime Logistic STAR
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