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Exponential STAR models

ESTAR model takes the form:

yt = xtφ1 [1− G(zt; γ, µ)]︸ ︷︷ ︸
‘regime 1’

+ xtφ2G(zt; γ, µ)︸ ︷︷ ︸
‘regime 2’

+ εt (1)

G(zt; γ, µ) =
(

1− exp{−γ(zt − µ)2}
)
∈ [0, 1] (2)

εt ∼ N(0, σ2)

γ ∈ R+.

‘Rewrite’ model as:
yt = xtφ1 + xt(φ2 −φ1)G(zt; γ, µ) + εt

yt = xtα + xtβG(zt; γ, µ)︸ ︷︷ ︸
C(xt ,zt ;θ)=IEt−1(yt) = conditional mean

+εt. (3)

Two problems arise:

1) for ‘small ’ γ, G(zt; γ, µ) ≈ γ(zt − µ)2, =⇒ γ and β unidentified

2) for ‘large’ γ, G(zt; γ, µ) acts like ‘dummy variable’, =⇒ ill-behaved conditional
mean and likelihood
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Exponential regime weighting function

G(zt; γ, µ) =
(

1− exp{−γ(zt − µ)2}
)

Continuous weighting function over [0,1].

Limiting properties:

� lim
γ→∞

G (zt; γ, µ) = 1 except at

zt = µ,

� lim
γ→0
G (zt; γ, µ) = 0, ∀zt
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Empirical Example – ‘small’ γ (Taylor et al. 2001, IER)

(a) Conditional mean

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2
-0.15

-0.10

-0.05

0

 0.05

 0.10

 0.15
NP
95% CI
ESTAR
Cubic
AR(1)

(b) Exponential weighting function
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Empirical Example – ‘large’ γ (Taylor et al. 2001, IER)

(a) Conditional mean
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Empirical Example – ‘large’ γ (Taylor et al. 2001, IER)
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Evidence in existing literature

Many examples of these problems in existing studies!

� Michael et al. (1997, JPE) on real exchange rate behaviour, weighting function
remains well below 0.3 and quadratic ‘looking’ in shape (see page 875),

� Baum et al. (2001, JIMF) γ estimates reported in Figure 1 on page 392 are
between 0.006 and 0.026!

� same problems in Sarantis (1999), Taylor and Peel (2000), Taylor et al. (2001),
Kilian and Taylor (2003), Kapetanios et al. (2003), Sarno et al. (2006), Paya and
Peel (2006), Sollis (2008), Taylor and Kim (2009), Cerrato et al. (2010), Pavlidis
et al. (2011), Beckmann et al. (2015) and many others.

� results in Table 3 on page 22 show evidence of both problems in estimation

– γ→ 0 for 5 out of 23 estimates, with slope parameter for Turkey 22 000!
– for 3 out of 23, γ estimates are very large, for World equity market 27 000!
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Contribution and preview of main results

I show that the exponential weighting function is ill-suited as regime weighting function

� for ’small ’ γ0
– model is un-identified in population

– simulations show γ̂→ 0 for 70% of simulated data, even when sample size 5000!

� unrestricted ESTAR model has ill-behaved likelihood function, even for sample
sizes of 250 and 500 observations

– maximizing likelihood complicated numerically

– prone to ‘outlier ’ fitting, even on simulated data

� LM test on higher order terms can be used as a test for identification

– simple extension of existing test for non-linearity

� small sample properties γ̂ of restricted models

– heavy positive skew in sampling distribution for sample sizes up to T = 500
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Outline

1 Identification

2 Empirical evidence

3 Simulation evidence

4 Conclusion
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Asymptotic properties of estimators

Rewrite (E)STAR as general non-linear location/scale model:

yt = C(xt, zt; θ) + εt, (4)

where θ = [α; β; γ; µ]. NLS solves:

θ̂ = arg min
θ

1
2

T∑

t=1

(
yt − C(xt, zt; θ)

)2
. (5)

√
T(θ̂− θ0)→ N(0, V(θ̂)), (6)

(see Wooldridge (1994), Pötscher and Prucha (1997), Chan and McAleer (2002)),
where V(θ̂) estimated by

V̂(θ̂) = Â−1 B̂ Â−1, with (7)

Â = T−1
T∑

t=1

(
∇θC(xt, zt; θ̂)∇θC(xt, zt; θ̂)′ −∇2

θC(xt, zt; θ̂)ε̂t

)

B̂ = T−1
T∑

t=1

ε̂2
t∇θC(xt, zt; θ̂)∇θC(xt, zt; θ̂)′

9



Identification
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Identification

ESTAR model

yt = xtα + xtβG(zt; γ, µ) + εt. (8)

Expand G(zt; γ, µ) around γ = 0 using 2nd order Taylor series

G̃2(zt; γ, µ) = γ(zt − µ)2 − 1
2

γ2(zt − µ)4 +R2(zt; γ, µ) (9)

and replace in (8) to yield ‘auxiliary regression model’ (α = 0 for simplicity)

yt = (zt − µ)2xtβγ− 1
2
(zt − µ)4xtβγ2 + xtβR2(zt; γ, µ) + εt︸ ︷︷ ︸

νt

(10)

yt = (zt − µ)2xta + (zt − µ)4xtb + νt, (11)

where a = βγ and b = − 1
2 βγ2.

11



Identification

Is the auxiliary model estimable?

In matrix form, (11) can be written as Y = XB + V
� a and b can be estimated, if X ′X non-singular, so that the inverse (X ′X )−1

exist.

� in most empirical data, inverse (X ′X )−1 can be found without any numerical
difficulties.

– in Taylor et al. (2001), the smallest eigenvalue is around 0.01, with correlation
between the column entries in X being around 0.95.

– generally there is enough structure in the data for a and b to be estimable.

12



Identification

Model source of identification

Model is identified iff we can recover γ and β from a and b in auxiliary model in (11).

� from a = βγ and b = − 1
2 βγ2, can re-arrange to obtain

aγ = −2b, (12)

where the relation in (12) is a system of k equations.

� if at least one bi 6= 0(∧ |ai| < ∞) ∀i = 1, . . . , k,

– γ can be recovered from either one of the relations in (12), ie.:

γ = −2
bi

ai
, ∀i = 1, . . . , k. (13)

– once γ is known, β is obtained from β = γ−1a.

� b must be non-zero in population for model to be identified

13



Identification

Definition (Identification)

θ1 ∈ Θ is said to be identifiable if there exists no other θ2 ∈ Θ which is
observationally equivalent. That is, p(Y; θ1) 6= p(Y; θ2) for some observable Y and
likelihood function p(·) (Rothenberg (1971)).

Theorem (Identification)

A necessary and sufficient condition for local identifiability of θ is that information
matrix I(θ) is non-singular at true parameter θ0, where

I(θ) = −IE
[(

∂2L(θ|Y)
∂θ∂θ′

)]
, (14)

and L(θ|Y) = ln [p(Y; θ)] is the log-likelihood function (Rothenberg (1971)).

14



Identification

Determining near singularity/weak identification

� How do we determine rank of I(θ)?
– weak identification hard to classify! When is I(θ) numerically singular?

� I follow DSGE literature (ie., Iskrev (2010)), compute condition number of I(θ)

cond(A) =
∥∥A
∥∥∥∥A−1∥∥, (15)

– if Euclidian norm is used, this becomes

cond2(A) =
λmax

λmin
(16)

where λ is the singular value of A
– A considered numerically singular if cond2(A) > 202 = 400 (Greene 2011, p. 999)

� also look at correlation matrix of I(θ), defined as

Ĩ(θ) = D(θ)−1/2I(θ)D(θ)−1/2 (17)

– shows which parameters are ”correlated”.

15



Identification

Testing for identification

� b must be statistically different from zero for γ and β to be identified

� this is testable using standard type LM tests of Saikkonen and Luukkonen (1988),
Escribano and Jordá (1999) for ESTAR models.

– expand ESTAR model in (8) as before (with non-zero α) to get auxiliary model:

yt = xtα + xtβG(zt; γ, µ) + εt, (18)

yt = xtα +

Part I: standard test for non-linear︷ ︸︸ ︷
(zt − µ)2xta + (zt − µ)4xtb︸ ︷︷ ︸

Part II: higher order terms

+ νt. (19)

� tests for ESTAR non-linearity based on (19) with H0 : a = b = 0
� for identification, focus on higher order terms in Part II of (19)

– if model is non-linear (a 6= 0), b = − 1
2 βγ2 = − 1

2 aγ = 0 only possible if γ = 0
– test H0 : b = 0 only!

– standard LM testing theory applies (R2(zt; γ, µ) in νt is zero under null γ = 0)

16



Empirical evidence
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Empirical evidence

Replicating Taylor et al. (2001, IER)

� well known study in international finance literature, with over 1000 citations

� use real exchange rate data for the UK, Germany, France and Japan from January
1973 to December 1996 using ESTAR model

� fit first order ESTAR models of the form:

∆qt = (α− 1)(qt−1 − µ) + β(qt−1 − µ)G(qt−1; γ, µ) + εt (20a)

G(qt−1; γ, µ) = 1− exp
{
−γ(qt−1 − µ)2

}
, (20b)

where εt is a zero mean disturbance term with variance σ2.

� final model that is presented has restrictions α = −β = 1 (p. 1030)

∆qt = −(qt−1 − µ)G(qt−1; γ, µ) + εt. (21)

18



Empirical evidence

Replicating Taylor et al. (2001, IER)

� well known study in international finance literature, with over 1000 citations

� use real exchange rate data for the UK, Germany, France and Japan from January
1973 to December 1996 using ESTAR model

� fit first order ESTAR models of the form:

∆qt = (α− 1)(qt−1 − µ) + β(qt−1 − µ)G(qt−1; γ, µ) + εt (20a)

G(qt−1; γ, µ) = 1− exp
{
−γ(qt−1 − µ)2

}
, (20b)

where εt is a zero mean disturbance term with variance σ2.

� final model that is presented has restrictions α = −β = 1 (p. 1030)

∆qt = −(qt−1 − µ)G(qt−1; γ, µ) + εt. (21)

18



Replication results – parameter estimates
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Replication results – conditional mean
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Replication results – G(qt−1; γ, µ)
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Replication results – condition numbers and correlation matrix

Condition numbers

Country UK Germany France Japan

cond2(A) 833 1436 1507 1875

Correlation matrices

22



Replication results – LM-test for identification

From second order Taylor expansion of G(qt−1; γ, µ) we get auxiliary regression model:

∆qt ≈ β(qt−1 − µ)

[
γ(qt−1 − µ)2 − 1

2
γ2(qt−1 − µ)4

]
+ εt. (22)

= βγ(qt−1 − µ)3 − 1
2

βγ2(qt−1 − µ)5 + εt. (23)

=

Part I: standard test for non-linearity︷ ︸︸ ︷
a(qt−1 − µ)3 + b(qt−1 − µ)5

︸ ︷︷ ︸
Part II: higher order terms

+ εt. (24)

LM test results
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Empirical results – no β = −1 restriction
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Empirical results – no β = −1∧ α = 1 restriction
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Empirical results – conditional mean and weights
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Simulation evidence
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Simulation set-up

Simulate 10 000 ESTAR sequences from:

∆qt = (α− 1)(qt−1 − µ) + β(qt−1 − µ)G(qt−1; γ, µ) + σ0εt (25)

G(qt−1; γ, µ) = 1− exp
{
−γ(qt−1 − µ)2

}
. (26)

� true parameter values are UK parameter estimates

– α0 = 0∧ β0 = −1, Var(εt) = σ2
0 = 0.03320, µ0 = −0.1124, εt ∼ N(0, 1).

� vary sample size and magnitude of transition function parameter

– γ0 = {0.505, 5, 50, 250, 500, 1000}
– T = {288, 500, 1500, 5000}

� for different γ0 and T, examine

1) identification issues

2) estimation difficulties (unrestricted models)

3) sampling distribution and bias (restricted models)

28



Simulation Results – true shapes

(b) Implied conditional mean
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Simulation Results – correlation and condition numbers
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Simulation Results – sampling distribution (unrestricted model I)
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(b) γ0 = 5
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(c) γ0 = 50
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(d) γ0 = 250
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(e) γ0 = 500
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Figure 9: Relative frequency plots of log10 transformed γ̂ estimated from the unrestricted model in (51) for various sample sizes and γ0 values. Columns and rows
show the results for γ0 ∈ {0.505, 5, 50, 250, 500, 1000} and T ∈ {288, 500, 1500, 5000}, respectively. Vertical green lines mark the true γ0 value. All results are
based on 10 000 simulations. The x−axis is log to base 10 transformed, with a reading of −6 on the x−axis meaning 1× 10−6.
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Simulation Results – sampling distribution (unrestricted model II)

−6 −4 −2   0  2  4  6  8 10

T
=

2
8
8

0

0.1

0.2

0.3

0.4

0.5

0.6

−6 −4 −2   0  2  4  6  8 10

T
=

5
0
0

0

0.1

0.2

0.3

0.4

0.5

0.6

−6 −4 −2   0  2  4  6  8 10

T
=

1
5
0
0

0

0.1

0.2

0.3

0.4

0.5

0.6

−6 −4 −2   0  2  4  6  8 10

T
=

5
0
0
0

0

0.1

0.2

0.3

0.4

0.5

0.6

(a) γ0 = 0.505

−6 −4 −2   0  2  4  6  8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

−6 −4 −2   0  2  4  6  8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

−6 −4 −2   0  2  4  6  8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

−6 −4 −2   0  2  4  6  8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

(b) γ0 = 5

−6 −4 −2   0  2  4  6  8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

−6 −4 −2   0  2  4  6  8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

−6 −4 −2   0  2  4  6  8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

−6 −4 −2   0  2  4  6  8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

(c) γ0 = 50
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(d) γ0 = 250

−6 −4 −2   0  2  4  6  8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

−6 −4 −2   0  2  4  6  8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

−6 −4 −2   0  2  4  6  8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

−6 −4 −2   0  2  4  6  8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

(e) γ0 = 500
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Figure 10: Relative frequency plots of log10 transformed γ̂ estimated from the (entire) unrestricted model in (52) for various sample sizes and γ0 values. Columns
and rows show the results for γ0 ∈ {0.505, 5, 50, 250, 500, 1000} and T ∈ {288, 500, 1500, 5000}, respectively. Vertical green lines mark the true γ0 value. All results
are based on 10 000 simulations. The x−axis is log to base 10 transformed, with a reading of −6 on the x−axis meaning 1× 10−6.
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Simulation Results – log-likelihood surface plots (unrestricted model II)

(a) T = 288 (b) T = 500 (c) T = 1500 (d) T = 5000

Figure 11: Log-likelihood function surface plots from the simulated date for various sample sizes and γ0 values. Column entries show the 4 different sample sizes that
we consider. Row entries correspond to γ0 = {0.505, 5, 50}.
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Simulation Results – finite sample distributions (restricted models)
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Figure 8: Finite sample distribution of γ̂ for various sample sizes and γ0 values. Columns show the results for γ0 ∈ {0.505, 5, 50, 250, 500, 1000}. Rows show the
corresponding sample sizes that are considered, with T ∈ {288, 500, 1500, 5000}. Vertical red lines mark the sample mean. These are based on 10 000 simulations.
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Simulation Results – finite sample bias (restricted models)
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Conclusion
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Conclusion

I show that the exponential weighting function is a poor regime weighting function

� for ’small ’ γ, ⇒ model is un-identified in population

� unrestricted model ESTAR model has ill-behaved likelihood function, even for
sample sizes of 250 and 500 observations

� identification can be tested using standard LM test commonly used in STAR
literature, but on higher order terms

� heavy positive skew in sampling distribution of γ̂ of restricted models, for samples
of size up to T = 500

For empirical work, better to use discrete TAR or Multi-Regime Logistic STAR
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